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SUMMARY

The method of characteristics has been linearized by assuming that
the flow field can be represented as a basic flow field determined by
nonlinearized methods and a linearized superposed flow field that
accounts for small changes of boundary conditions. The method has been
applied to two-dimensional rotational flow where the basic flow is
potential flow and to axiaelly symmetric problems where conical flows
have been used as the basic flows. In both cases the method allows the
determination of the flow fleld to be simplified and the numerical work
to be reduced to a few calculations. The calculation of axially sym-
metric flow can be simplified if tabulated values of some coefficients
of the conical flow are obtained. The method has also been applied to
slender bodies without symmetry and to some three-dimensional wing
problems where two~-dimensional flow can be used as the basic flow. Both
problemg were unsolved before in the approximation of nonlinearized flow.

INTRODUCTION

The use of the method of characteristics for the solution of
supersonic-flow problems requires numerical procedures which are lengthy
and involved and which must be repeated for each set of boundary condi-
tions. The method has recelved general practical application only for

two-dimensional or axially symmetrical problems in steady flow and cne-
" dimensional or quesi-one-dimensional nonsteady flow, and only very few
cagses of general three-dimensional flow have yet been investigated.

Many problems have been investigated at present by means of the
linearized theory in which the disturbance-velocity components (defined
as the difference between the local and the free-stream components of
the velocity) are considered and are small, so that terms of second
order or higher can be neglected. In the present paper a simplification
is introduced Iin the equations of motion based on the asswmption that
one of the velocity components or the variation of the velocity com-
ponents as & function of & given parameter can be considered small, so
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that terms of second or higher order in the quantities considered small
can be neglected. When one of the velocity components i1s assumed to be
small, the other two velocity components can be expressed in two parts,
one of which is large and is & function only of two coordinate positions,
and the other of which is small, of the same order as the third velocity
component, and is a function of all three coordinates.

If the variations of velocity components as functions of a given
parameter are considered small, all three velocity components can be
expressed in two parts. One, large, is independent of the parameter
considered, and the other, small, is a function of the parameter con-
sidered. When the velocity components are substituted into the differ-
ential equations, the equations can be divided Iinto two parts, and the
differential equations containing the wvelocity components considered small
become linear; therefore, superposition of solutions is possible. With
this assumption the flow field can be represented for any condition by
the superposition on a nonlinear basic flow field of a linearized flow
perturbation. The flow field, which represents the variation of the
basic flow due to the changes Of the geometrical parameter considered,
changes linearly with the parameter. Because of the simplification,
the superposed flow field is defined by differential equations of hyper-
bolic type which have characteristlic surfaces equal to the characteristic
surfaces of the basic flow field and known coefficlent; therefore, the
superposed flow field can be obtained directly without the iteration
process along the characteristic net of the basic flow.

A particular application of the linearized characteristics method
has been discussed in references 1, 2, and 3 in which bodies of revo-
lution at small angles of attack have been considered. In the present
paper the basic concept of the linearization is discussed and examples
of application to two-dimensional rotational flow, to conical flow, to
axially symmetric flow, and to some general three-dimensional problems,
are discussed. From these examples, other applications of the same method
to supersonic steady- or nonsteady-flow problems can be visualized. For
example, the method can also be applied to the determination of the flow
field in supersonic compressors or turbines having supersonic relative
velocity inside the passage. In this case, the two-dimemnsional flow of
the cascade of the blades at each radial station or the axially sym-
metric flow can be assumed as the basic flow. In the first case the
radial component of the velocity mist be assumed to be small, while in
the second case, the tangential component of the velocity must be
agsumed to be small,

SYMBOLS

‘a,b,c,d,e coefficients of the variables in the characteristic equa-
tions (defined case by case)
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u,v,w

Vr,Vn,W

Vo Uy

£;,m58
Subscripts:

o

l...n

speed. of sound

coefficient <7a-21 (uoun + vovn)>
, 0

coefficients defined by equations (20) and (25)

pressure coefficient

Mach number -

gas constent or radius of hodograph diagram

entropy

velocity components along the x~-, y-, and z-axes in Cartesian
coordinates or along x- and y-axes and perpendicular to
the meridien xy-plane in cylindrical coordinates

velocity components in polar coordinates

tangential and normal velocity components in front of the
shock

intensity of the velocity vector
Mach angle
ratio of specific heats

inclination of the characteristic lines in the plane
z = Constant or O = Constant

coordinate of the meridian xy-plane in cylindrical coordi-
nates or of the r¥-plane in polar coordinetes

polar coordinates

inclination of the velocity vector with respect to the
x-axis SEEN

components of the rotation along the x-, y-, and z-axes

properties of the basic flow

properties of the superposed linearized flow fields
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THE EQUATIONS OF TEE LINEARTZED CHARACTERISTIC SYSTEM

Consider, for example, a flow field defined by a velocity vector
V(u,v,w) the components of which can be expressed in the form

N
u = u, + E anuy
1
N
Vv =vy + E anVn > (1)
1
N
W= § én¥p
1
w
The relation between entropy and rotation states
= = g2
cuerxV=7—RgradS (2)

Assume that wu, and v, are functions only of x and Yy, then by

neglecting terms of the order of a.ne, equation (2) becomes
N
3Ba?__ %-B&)_ ‘ n_aun)_<avo_auo>
ox 7R v°(ax dy Yo Zan<8x oy ox oy Z Vo
Bvo Buo avll aun o auo
5§?§—%(§;"F)+u°zan<ax " dy T\ " dy Za.nun e (3)
v, 0 oW,
98 T _ o) P o
3z IR Yo) o 3y az> U°Zan<az ax>

o/
(0]
o)

N
|
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Therefore, the entropy field can be expressed as

N i
aS=aso+ a&
9x ox - *n 5%
o8 N s
o8 . o —n \ 3
dy 9y +2aﬂay ()
oz n dz
1
-
Agsume that each coefficient al « + « 8, 1s consgtant in the

entire region of the flow field where it is not zero and is small, so
that terms of the order of gne or higher can be neglected. In this
flow a baslc flow fleld exists, represented by the velocity

vector Vo(uo,vo) and by the entropy distribution Sy, on vwhich a

linearized flow is superposed, represented by a summation of N three-~
dimensional flow fields, each of which is proportional to the corre~
sponding coefficient a,. The basic flow field is a two-dimensional

flow if Cartesian coordinates are used or an axially symmetric flow if
cylindrical coordinates are used and can be determined by known methods.
In a similar way, a general three-dimengsional flow field can be assumed
for basic flow if the flow field can be obtained by simple analysis.

The equation of motion obtained from continuity, momentum, and
energy equations can be expressed in Cartesian coordinates in the form

du u? ov ve ow W2) uvfou |, ov
Qufp _u ) 9V X ) ;9% - ¥_|_udu , ov)
Bx< a2> * By( a2> * Bz( a2/ a2\dy T

uw(ou | ow\ _ wv{ov , Ow) _ 0
32(52 * 8x> a2<6z ¥ By) (%)
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while, in cylindrical coordinates, the equation becomes
a_ul_l_l_e. +§l ..ﬁq-awl_ﬁ_ﬂy_a_u-;-a_V_
ox a2 dy a®) ¥y o9 a’ a?\dy dx

wf ou , ow)_ wv(dv , ow)|, ¥ _
aa(YaCP+aX> a2(ya¢+5y)+y (6)

_ éEQ - uo2 . ove _ Vo2 _ uovo/Buo . ov, .
ox 82 oy a02 302 \By ox

(auo N Bvo\uovoAn + UgVp + Volp 7
oy ox | 2 ,

&0

where

The basic flow is a two-dimensional flow, and the first part of
equation (7) must be zero; therefore, the second part of the equation
must also be equal to zero and, for each value of n,
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Bﬁ . Bﬁé ) u02> avn(l ) v02> ) uovo/avn Bun)

oz 9 ag2 * dy as2/ g2 \ox * oy

auo<%uoun + uoaAn> . av°(aQWh‘+ vogAn>

BX 302 ay ao2
du,, . v, UvAy + u vy + vou, (8)
oy ox ao2

Equation (8) is a differential equation of hyperbolic type because
uo2 + vo2 > a02 and the characteristic surfaces are cylindrical surfaces

perpendicular to the plane z = Constant with generatrices coincident
with the characteristic lines of the two-dimensional flow. This can be

seen from the fact that the coefficients of the derivatives g—u-n-, Si”ﬂ-,
x y
ov, . du,
and = + 5 of equation (8) are expressed as functions of the prop-
X Yy '

erties of the basic flow and gre the same ag the coefficients of the
dug Jvo Uy . dvo

—y =™ and —— + —=, which define the basic flow
3x 7 dy’ dy ox’ ‘ ’

oV, ,
and the coefficient of 5_2' is one (see, for example, reference L,
zZ

derivatives

page 282). Therefore, the disturbance flow field Vi (up5 Vs ¥y ) can be

obtained by the method of characteristics by moving along the charac-
teristics surfaces which are cylindrical. The characteristic net, which
for the general case must be drawn in spatial coordinates, can be drawn
in this case only once for any value of & and n and is equal to the
net of the two-dimensional flow. Equation (8) can be transformed for

practical use. In the equation, the terms in ugv,, guo, guo, ng’
X v X

and ézg are known terms and are gfven from the two-dimensional flow
y
field.

Assume, in the plane xy, polar components for V and ® for the
veloclty, defined by

U, =V, cos @,

(9)
Vo = Vo sin P6
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and, because higher-order terms are neglected,
u, =V, cos 95 - ¢V, sin @4
(10)
Vn = Vp 8in 95 + @4V, co8 P,
where
V =V, + ayVp
: (11)
P =Py *+ &yPn

If n 1is the normal to the projection of the streamline in the
plene =z = Constant, the derivative %ﬁ is expressed by
n

Q/ IQJ
B it
n
1
Q/ IO/
¥ |t
<4
+
Q/ IOI
< |t
e

(12)

By use of equations (4) and (1), equation (12) becomes

8. (e g o, BTt o, (Ho, ) S D e
e o+ 3 ety W o+ ) et

(13)
By congidering oniy the lowest-order terms, equation (13) becomes

ds 95, as 38 as 1
3 35 ") Mt on e (Vo m Yo%) * 5520 - voVa)ts

(14)
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But,

- 3 ~ 2{3S0 up . 3So Vo \ _ .
- ﬁ(vnvo - Vovn),-l- .BTO-(unVO - ron) - —Cano (axo V.Z * ayo V'_(:) -0

because the right term contains as a factor the variation of entropy
along the streamline of the basic flow; therefore,

vy, _ duy, _ a02 oS, ) (YE.+ An>a02 95, (15)

ox ~ dy 7RV dm, \V; 7RV, ong

where n, 1s the normal to the streamline of the basic flow in the
plane xy. ’

After several transformations the following equations can be
obtained (see reference 2): In the plane = Constant along the char-
acteristic line defined by )

dy _ -
I = Mo = tan(B, + @) (16)
the following equation is wvalid:

dwy 1 sin By ten B, av. o dgy sindg, 1 as

1 n n
- — + — —= ~ tan
dz v, COS(BO + Q) Vo dx B

°oFx cos(cpo + Bo) 7—Rdno *

V.
@By + 5= Cp = 0 ' ' (17)
(o]

and along the characterigtic line of the second family defined by

%% = Ay = tan(P, - B) (18)
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the following equation is valid:

_d.wn_;_sinﬁotanﬁo_l-_'_dvn_];_'_tanﬂ do, sin3p 1 48,
dz V, cos(p, - Bg) Vo dx V, ©dx  cos(p, - By) 7R dn,
' :
¢ By + 2 Cp = 0 (19)

Vo

where By, B,, C;, and C, are coefficient functions of x, y, V

ave\ (dv,
P, = and \(\—) {— along the characteristic lines of the first

and second families at each point and are independent of V,, @,

and w,, and, therefore, can be determined once for the basic flow and

used. for any kind of disturbance flow in the limits of the approximation
accepted. The coefficients By, By, Cp, and C, are given by the

following expressions:

o’

I
5 1 oin Bo 5 _1_<dvo> cos (P, - B,) (208)
1~ Cos By cos(@, + By)| 7R dm, Vo\dx /p  sin By
-_ﬂ£$ ds av mm@ +B)
B, = 1 - o "o _ ;L( o) 0 o (20b)
cos B, cos@po - BO)L_ YR dn, V\dx /; sin B,
d -
Cp = J;(j&% tanp ) + Y -1 -
Vo\dx /y 2 sin®B_ cos®B, |
5 dS sin3p av cos(pg - Bo) L
2 &0 o o 1(%o o o 1+ 2 -1
7R dn, COB(QO + Bo) Voldx /, cos(mo + Bo)c08250 2 sinZBo

(20c)
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Voldx 2 ° 2 sinZBo cosEBO

Cp = 1 dv&)vémneﬁ + 7 -1 > +

3
A dso sin Bo + .L(dvo) COB'(CPO + BO) 1 1 + 7y -1
7R dnj, COB(QO - Bo) Voldx /g COB(QO - Bo) coszB0 2 sinzﬁo

(20d)

av,

where (EES) is the derivative aloné the characterigtic of the first
1

d
family and (d10> , along the characteristic of the second family.
2

In order to determline the value of w, &t each point of the char-

acteristic net, the following relations can be used in the plane
z = Constant:

V- )
y Oz
- Qu _ ow
"7y T e ‘ (21)
(-
ox Jy

and, if s, 1s a streamline projection in the plane 3z = Constant,

Ow _owu , oWV u Vog g oV _ oV L 98 EE_

—_.__._-I-..__:_....Tl-'- —_— I e—

Y e e (22)
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In the approximation accepted,

vV oV, h
Sz )= oz
7 > (23)
3s _ 98y
oz —-:E:: on oz
»
therefore,
2
19 _ 1 W, 8 8 (24)
VO Bso Vo Bz Bz 7RV02

where 84 is the streamline of the basic flow.

Equaetion (24) permits the determination of the value of w at each
point of the plane 2z = Constant as a function of the local variation
of V, in the z-direction. Therefore,” by means of a step-by-step pro-

cedure, all the flow field can be determined by working in planes
z = Constant where only one characteristic net must be used, by means

of equations (17) and (19) and by determining the value of %H— at each
8o
point of the net by means of equation (24). The calculations are started
from the flow field defined, or along a surface vwhich is not a charac-
teristic surface, or along a characteristic surface and a stream surface.
The flow field at the starting surface must be determined from the .
boundary conditions. If the starting surface is a shock wave, the flow
at the shock surface mst be obtained from the physical properties of
the shock wave related to the boundary conditions considered. Relations
between boundary conditions and shock waves are presented in detail
subsequently for the problems considered.

Similar equations can be obtained by using cylindrical coordinates
in place of Cartesian coordinates.
Equations (17) and (19) remain the same. Only the first term

changes, %E becomes ;égg and the coefficients B; and B, become
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' - 1 sin B, Bin(q’o - Bo)
B cos B, cos(Qo + Bo) y !
F(25)
Bt = 1 s:LnBosin(cpo+Bo)+B2
cos B cos(@o - Bo) Y ‘ y

Equation (25) for cylindrical coordinates becomes (see reference 2,
equation (9c))

2

v _ oV, . 2o 08y, Wy sin 6, (26)

38, y 06 7RV, ¥y a6 ¥y .
6=Constant

The use of the linearized characteristic system is simpler in many
cases than the complete characteristic system and reduces in some prac-
tical applications the extent of the numerical work requlred, especially
if solutions of many similar problems are required. The same concept
can also be easily applied in the field of nonsteady or relative motion
of flows.

The flow field around slender bodies without axial symmetry can be
obteined by m:ans of linearized methods, and some practical three-
dimensional problems not analyzed before in the approximation of non-
linearized flow can be analyzed by this method.

In the next sections some typical possible applications are
presented.

SOME TYPICAL APPLICATIONS OF THE LINEARIZED CHARACTERISTICS METHOD

Two-Dimengional Rotational Flow Fields

Two-dimensional potential flow permits hodograph solutions, and,
therefore, any kind of two-dimengional supersonic potential-flow solu-
tion can be obtained in the hodograph plane; the numerical solution in
the physical plane then requires only the construction of a character-
istic net in order to find the position in the physical plane of each
point of the hodograph plane. The solutions of problems in which
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boundary conditions are given only along a streamline are very simple

in the epproximation of potential flow because In this case the veloclty
is constant along a family of characteristic lines (single-wave flow);
however, similar calculations for rotational flow are much more involved,
because & step-by-step procedure is required for the solution on the
hodograph plane as well as for the construction of the characteristic
net. By means of the linearized characteristics method a rotational
flow field can be considered as a modification of a potential flow
field, and the linearized superposed flow is the flow which tekes into
account the effect of the presence of shock waves and the effect of
rotation in the flow.

Consider, for example, a two-dimensional profile which produces a
shock wave at the leading edge (fig. 1). If the profile is curved, the
shock is curved, and the flow behind the shock 1s rotational. Assume
that the flow field behind the shock can be expressed as

u=u, +u , V=V, + VvV h
or

V=V,+V, , Q=g + Py s (27)
and

8 =85 3

where u, and v, @are the velocity components defined by a potential
flow field, which in this case is a single-wave flow, o along the

ax

characteristic lines of the first family is zero, and W, Vv, and Sl

represent the flow field that tekes into account the reflections
occurring at the shock and the effects of the entropy gradlent. The
flow field represented by V, and @, can be immediately determined,

and V, and ¢, are constant along the characteristic lines of the

first family, which are straight lines. The characteristic net of the
flow V9, can be drawn in a short time. Then, along the characteristic

of the first family,

sin2BO

7R

1

v
- d'sl"'q)lBldxl"'v—iCldxl:O (28)
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vhere

B, = 1 1 (dV9>2 cos(g - Bg) (29)

" cos Bo co8(9, + By) Vo \dx sin B,

&g\ 1 o8(% - Bo) 1 —
o - (¥e) 1 1+ 0
1 (dx )2 Vo cos(9, + B,) coszﬂo( 2 Bj-11250) e

end, along the characteristic of the second family,

sin®g V. av
1 o 1% y -1 _
= dV, + tan do, + dS. + == —={tan B _ + =0
Vo 1 Po a1 7R 17V, 7, ( ° " 2 e, coszﬁo>

(31)

Equations (29) and (31) can be simplified by introducing the gra-
dients (Vo)x and (cpo + Bo)x along the x-axis defined as

(vo) x (%)

Bx y___o
(@ + B,). = E_(L?Q_J'_%z (32)
X BX y=0

It can be seen from figure 1 that, at any point A of ordinate y, o
the characteristic line a, crossing the axis at A,, the vari-

v
ation (g_;o_) along the characteristic line of the second family at A
1
is ‘

cot(cpo + Bo)
[(:l—c’)] = (Vox), [*- o Ao 1 (33)
2 A (o] q)O O)AO yA l:(cpo + Bo)};l
. 1 - o]
sine(qao + BO)AO
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because B, and @, are the same at A and at A,. Therefore,

1 dVo) a
= = 34
Vo<d.x A 1-7Dy, (34)

where a and b are constants along each characteristic line of the
first family. Then equation (28) along the characteristic line of the
Pirst family becomes

avy sinzﬂo ~ cos(Po - Bo) 1 a dy

To ° tanBod.q>l+—-7R—-d-Sl - %1 sin(q)0+ Bo) cos B, sin By 1 ~ 'by+
v11+ y -1\ ady COS(%'BO) 1 -0 (35)
Vo 2 sinaﬂo)l - PY sin(e, + Bo) cos™,

Therefore, if

ae 2 T )
sin?(q, + Bo) 'O
and ‘ ,‘ s (36)
b (q)o + Bo)x
sine(tpo + Bo)

-/

the equation along the first characteristic line becomes

av sinzﬁ
1 _ ten By APy + o
Vo

s +q)lbdlog(l-by) -

- Vi
(]_ + _l__2l-_>tan Bo v——o - d’ log(l - by) = | (37)
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and, along the second characteristic line,

o 7 Vo Vo

dav in vV, av ) -
—L 4 tan B, 49, + 31n B, ds; + L _Oftan? 4+ 7 = =0
\'s R 2 sineBo cosEBo

(38)

A1l the coefficients of equations (37) and (38) are constant along
characteristic lines of the first family and can be calculated at few
points on the x-axis.

The coefficients of equations (37) and (38) are independent of Py
and Vy; therefore, with one calculation from a point A and C of the
net of figure 1 the values of vV, and @, at a point B can be

obtained directly without the necessity of an iteration process, -

including also terms of the order of (Ax)S in each step. Indeed, if
all the quantities which are variable along the characteristic lines are
expressed in the form

ap =& + (g;) Ax+§—?§'-AL2+ O(Ax3)

and r (39)

then

8 = 8

K%)A“a_a A}EI—+O (40) -

Consider now equations (37) and (38) At point C equation (37) has the

(3, e (B, el
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while at point B it has the form

(22), - () e+ (2, on o0y, + migf2).

then, from equation (40),
av. av. 39, dp
- 1) - (2, o (3, - (32, - (32 -

os as
) e ), e ), o8, ), )

B
(41)
But, )
[, < (), o ), - e o
Indeed,
(), o |2, + (B8, o - ) o o
and

(), - (2, - 2D, - )2, -
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and also
ah_) ; <a$1> 8 * 8 Ax = 2<511> | <B $Il.) AX 4
<Bx o ox /g 2 ox /¢ C C\ox2 c

()52, oo+ o

Therefore, equation (37) along the first characteristic line, terms of
the order of (xB - xc)3 being neglected, can be written in the form

1 - By, -8

(Y15 - vlc){'—o; " (Pp ™ Pag) ™™ Pag ' ByTlC 1%, +

V) [

1 - bgvp Vig * V1, 7 -1 \|fa\ _
(logl'bcyc>(q)lB+cplC)+ Yo <1+2sin2 >(E>c—o~

(k2)

and equation (38) along the second characteristic line, terms of the
order of (xB - &)3 being neglected, can be written in the form

(le - VlA)(vi—A + {%;) + (cplB - cplA) (tan BOB + tan BOA) +

)

83,

- 51 v
B A 1 7 -1
_—7’R (SinZBoB + s:l_nEBOA) + v—02-<ban2Bo + 5 j +
o/iB

2 sin B, c052B

V1 y -1
Vo. - V. Y =0 L
Vg<tan230 + 5 sin2[30 cosaﬁo) . ( Og OA) (43)
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Because of the possibility of considering directly in the calculations

terms of the order of (Ax)2 also, large steps can be used in the
characteristic net and the effect of entropy gradients can be easily
evaluated, after the basic characteristic net and a few streamlines of
the basic flow have been determined and the coefficients of equa-
tions (39) and (40) calculated at a few points on the axis.

A1l the coefficlents are constant élong each characteristic line
of the first family; therefore, in going from B to D, only the terms
containing S and y must be changed and the calculations are simpli-

fied to some extent with respect to the rotational-flow characteristic
calculations.
Axially Symmetric Flow Fields

For axially symmetric flow, the equation of linearized character-
istics becomes:

2

av agp sin“ B d4S Y
1 1 1 o1 t 1
- —= - tan + + =0, =0
Vo ax Pozx TR &= THE YR G (k)

along the characteristic line M o= tan(Bo + @o) and

av dp; = sinp, dS r ¥
A 1 o 21 _ Lo =
Ve + tan B, t R G 9132 + 7 C,=0 (45)

along the line Xy = tan(p, - B,) where By', By, Cy, and Cp are
defined by equations (25) and (20).

The introduction of equaetions (#4) and (45) simplifies noticeably
the numerical calculations without affecting sensibly the precision of
the results. The practical use can be as follows: A basic body shape
is determined first by means of characteristic calculations, and the
characteristic net is then obtained. The basic calculations must be
extended in a region in front of the shock wave determined with the
usual procedure (for example, reference 3), and in a region inside the
body as shown in figure 2 in order to determine all the flow field
necessary. Thus, a reduced number of points of the characteristic net
are chosen at which the superposed flow field for each boundary condi-
tion different from the basic shape will be determined. The number of
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points required depends on the magnitude of the superposed flow field;
however, the number is usually small, because for each step between two
points A and B the disturbance velocity can be expressed in the form

(v1)£ =(V1), * (g—l)A ax + (Z—})A A-gﬁ (46)

dx

ential equations (L4) and (L45), the coefficients of the differential
equations are independent of the solution and are known at both points.
If the entropy term S; 18 neglected, by epplying finite-difference
methods the velocity components at a given point g5 of the character-

istic net can be expressed from the values at two points f5 and gh in
the form:

a&y)
vhere the term < 2> - is also included beca.use, in the differ-
A

= l-n_ m+ L _ ne-1L

(VI)85 (vl)gll. 1+n (cpl)gh_ i1+n ( 1)55 l1+n (47)
= l-r P+a a-p

(Vl)g5 - (vl)f5 l+1r + ((pl)f5 1+ ( 1)85 l+r (,48)
1 l-n_ l-r m+L

(Ql)g5 " me L + 2= p(vl)gu l+n ( 1)f5 l+r ( 1)84 l+n
+n l+r

P+4q | '

(PL)ps T3 7 (k9)

v eand (V are functions of the bound-
wmeze (01) 10 (91), 0 (T1), @@ (Y1), ,
ary conditions considered, while the coefficients L, m, n, p, aq,
and r are functions only of the basic flow field and, therefore, must

be determined only once for any boundary condition considered These
coefficients are:
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(vo tan BO)gh + (vo tan Bo)g5 T

2

== (s w0 (), + (000

= (s~ 5)[(00), + O b

T - (50)
b= (Vo ten Bo)f5 ; (Vo ten BO)g5
a4 = (X5 = Xps) —(_Vo) (B2 ) (Be ) :lil;
= (5~ 75) (D)5 + (@) o Jf
‘ — J

ds,
If the entropy terms in

and (Sl) ” mist be considered in equations (47) and (48) and two more

are considered, two more terms in (Sl)

terms in (Sl)f5 and (Sl) in equation (49). However, because these
terms are small, they can usually be neglected in practical calculations.

Because all, the coefficients are determined only once, the deter-
mination of (Vl) or (¢l) for each boundary condition is simple.

Points at the boundary can be 1nvestigated by means of equations (47),
(48), and (49). Points on the shock can be analyzed in a similar
manner, A practical calculation can be performed in the following way:
The basic flow fleld and the number of points in which the superposed
flow field will be considered having been determined, the new boundary
conditions (shepe of the body) are placed in the characteristic net
(fig. 3). If A is the point vwhere the basic body departs from conical
shape and OBC is the new boundary condition, the flow field between the
surface of the conical body OB and the conical shock OE are known from
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cone calculations; therefore, the values of V and ¢ at each point Ba,
la, 2a, 3a, 'and Ea of the basic characteristic net are determined, and
by difference the values of V; and @, can he obtained. From al the

flow at the point I of the boundary can be determined from equation (48)
where Py is known at L, and the coefficlents at L can be determined by

linear interpolation between bl and cl. From the values of V; and ¢

at al and L1, the corresponding values at bl are interpolated. Then all
the values for the line b can be obtained. For the determination of Vy

and P, at a point F on the shock wave, the equations of the shock wave
and equation (47) are valid. At the point F the values of @, and V,
ov

are known, and from the equations of the shock wave the value of = as

function of @ can be determined. (The value of ¢ fixes the deviation
across the shock wave.) Therefore,

Mg = (o), + (1), = (Vo) + (Z)(@r), (51)

Then, equation (47), applied between the points kb and F, gives

(72)g = (55),, (%2)s

(o}

(52)

and the value of (¢l) can be determined,
F

The work required in the calculation of the flow field for the
basic body and the determination of the coefficlents L, m, n, p, q,
and 7T can be reduced to a minimum if conical bodies are assumed as
basic bodlies for the calculations, because in this case the basic flow
is available in tabulated values (reference 5) and the coefficients I,
m, n, p, qd, and r are functions only of the polar coordinate V.

For conical flow, the calculationsg can be performed in the

followlng way: From conical-flow calculations, the values of v, and

Vp as functions of V¥ are known, where v, 1s the radial compcnent
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and. Vn

referred to the limiting velocity (fig. 4).
can be determined from the cone calculations:

for V,,
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the normal camponent of the flow field in polar coordinates

Bo, and Po

1.4 2

v02 7 -1

+

tan 7 = =/

The following expressions

f (53)

-/

Therefore, B + Qo' and @_ - B, -are known as functions of Y. From

a point A on the conical body, the characteristic line of the first
family AC and of the second family AD can be drawn. The line 1s defined
by the expressions '

g - ¥y ten(B + @), + tan(p + 9)g
Xg - Xy 2

Jp = ¥ tan(p - ¢)A + tan(p - @)F
Xp = % 2

In order to construct a characteristic net that requires only a small
amount of calculation, the points of the net are chosen along straight
lines from O so that the conical property of the flow can be utilized.
The net can be constructed by fixing the steps along the body.

When point B is chosen along AO, the point E along AC is determined
by drawing BE parallel to AF. From E and F (along OE and AD) the lines
GE parallel to LF and FG parallel to EH can be determined, and the
point G can be obtalned. From G and H, point M can be obtained, and by
proceeding in a similar way, all the characteristic net can be deter-

mined.

The coefficlents of equations (50) are the same for each point N,

F, and E along the same radius., The tabulated values are given only in
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the region between the body and the shock wave; however, the calcu-
lations can be extended by means of conical calculations. For example,
from the following equations (see, for example, reference L, p. 2i3,
and the following pages)

vy + vy cot ¥

R), = |-
(R)y, — (5)
(r - 1 -7y
and
(vn)‘lfc-lﬂlf = (vn)wc cos AV + (R - vr)vc sin AY
> (55)
(vz) YooY (vn)wc sin AV - (R - vr)\lfc cos AV + (R)‘lfc

(vhere R 1is the radius of curvature of the streamline in the hodo-
graph plane); therefore, the characteristic net can be extended to the
outside flow. For conical flow the coefficlents B!, By', C,, and Co
can be determined as functions of V. For conical flow, coef-

ficient B;' of equation (25) becomes

1 sin B sin(q)o - BO) )
cos B cos(cpo + BO) Y
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and Cl becomes

L Tofat) co8(o = Fo) 1 (1+ 7 - l)
2

Vo d¥ \dx/y cos(CPO + ﬁo) cos“Bg sinQBO
but
sin ¥ sin(@, + B, - V¥
), -ttt o0
A ¥ cos(q)o + Bo)
and
gin ¥ gin(¥ - @ + B
(}E‘}') - - (¥ = % * Po) (57)
Ao y COB(CPO - BO)
Therefore,

+

1 l:i sin By sin(q)o - Bo)
= o

cos B gin ¥ sin((PO + By - ﬂf)

a¥ /y sin B, sin(p, + By - ¥)

<de> 1 sin(y - @, + Bo):' (58a)
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b _|g.'y (d.x)
n 2 ol 377
ay l: /5, v

_ 1 v, sin B, sin(q;o + Bo) .
. cos By sin ¥ sin(¥ - @, + By)

<de) 1 sin(go + Bo - V)
d¥ /y sin By sin(x],r -9+ BO)

and
£ - o, fdx
av 1(@)“
=i_(dvo) 1 foan2 4 2 =1Y\ _
Vo \ay wl;:oseﬂc,( ° 2 sinEBo

1 L. 7_1 Bin(\lf-'CPO‘FBO)
cosEBo 2 sinEBo sin(cpo + B, - \lf)

&-ooft)

=_l_d"o) 1 fein2 4+ 2 -1 _
Vo(‘ﬂf ﬂ,[coseﬁc,( ° 2 sinEBO

1 (14 y -1 sj'n(cPo"'Bo"‘l’)
c052B0< 2 sinalso)sin(\lr -9, Bo)

27

(58b)
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and

Vn Ve + Vp cqt s

ay Vo 2v, 2

1-
(y + l)(l - Vo2)

If equations (58) are used, the coefficients of equations (50) can be
expressed as follows:

B

= %<¢g5 - ¥gn) (2gk + 2g5)

’ (59)

Because the coefficients a, b, c¢, and d are functions only
of V¥ and of the free-stream Mach number M, they need to be calculated
only once for different values of M; and given in tabulated form, and,
therefore, the calculation of any flow field for which the basic flow
can be considered a conical flow can be reduced to the solution of a
few linear equations with known coefficients.

In order to try the method, the flow around an ogive, as shown in
figure 5, has been determined at M = 3.016, by the method of character-
istics and by the method of linearized characteristics. In figure 5 the
usual characteristic net is shown, while in figure 6 the linearized
characteristic net and the basic body are presented. As a first basic
body the cone chosen is the cone tangent to the apex having & cone angle
of 12.5°. The cone chosen is not the most convenient because the values
of P at the end of the ogive are large, and a better approximation
would be obtained if a cone of smaller cone angle would be considered as
the basic body. A cone somewhat different from the ogive considered has
been chosen in order to have scme information on the approximation of
the method for sensible variations of the shape of the body from the
basic body. ‘
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Downstream of the characteristic line AB, the velocity com-
ponents V; and P, would become large because at the surface of the

body the component ¢ 1is quite different from the component P, of

the basic flow; therefore, the flow determination in the region down-
stream of the line AB has been considered as a new problem, defined by
the flow along AB and from the streamline that represents the body
shape. In this region a new basic flow has been considered. Again, a
conical flow fileld has been assumed as the basic flow. From the values
of ¢ and V at B and A, and from the order of magnitude of @ down-
stream along the body, a conical flow field that would give a small
disturbance component in this region has been selected. - The cone chosen
for the second part is a 5° cone at M = 3.077. The cone is entirely
contained within the body considered in the reglon used in the calcu-
lations as shown in figure 6, and the most convenient region of the
conical flow field is used for the calculations.

In order to pass from one baslic body shape to the other, the com-
ponents V; and P along the characteristic line AB for the second

basic body must be determined. This operation can be performed by
determining the value of V,' + V;' and o, ' + @;' at the points a,

b, and n of figure 6 for the first basic body, by interpolating the
values at the points a', b', and n' between characteristics 1 and 2
along the characteristic of the other family and then determining the
new value of Vl“ and Ql“ for the second basic body along AB from

the expressions

v =VO' +Vl'

cp_:QO! +q)ll

where Vo" and @O" are the values of V and ¢ for the second basic
body at the position considered and V,' and ¢,*', the values for the
first basic body.
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The calculations by linearized characteristics required the solu-
tion of 11 linear equations of the type of equation (4T), (48), or (L49)
with one unknown and the interpolation of four points, which can be done
in a very short time (of the order of 1 hour) when the net is drawn and
the coefficients of the equations are determined. The pressure distri-
bution obtained is presented in figure T and 1s compared with the pres-
sure distribution obtained from the exact method.

For the back part of the body where the flow differs slightly from
parallel flow, a cylindrical body with uniform flow at different Mach
numbers can be considered as the basic body. In each region of the
flow the Mach number for the basic flow is constant; however, the com-
ponent u can be approximated conveniently by changing the basic-flow
Mach number.

When the body has a tail, a conical solution as proposed in refer-
ence 6 for flow inside a tube can be assumed as the basic body. In this
case, each streamline of the conical solutlon can be considered as the
shape of the basic body (fig. 8), and the flow field can be obtained
from conical-flow calculations, which can be determined easily in the
hodograph plane. By changing the strength of the final shock of the
conical solution, different ratios between maximum cross-sectional area
and tail area can be obtained. Any part of the streamline can be
assumed as the basic body shape.

The present method does not require the existence of a linearized
golution and, therefore, can be applied also at high Mach numbers.
This method permits obtaining the shape of the shock wave and tsking
into account entropy variations. High precision can be obtained by
using several basic flow fields for the different regions of the body
congidered. Because of the simplicity of the calculations, the system~
atic calculations and tabulation of coefficients of equations (58) for
different cones and different Mach numbers would be of great practical
interest.

Tabulated values can be obtained also in the following way: For
each cone OC of cone angle @, considered, a superposed flow must be
calculated as shown, for example, in figure 9(a). The values of Vi
and Py for thls superposed flow are obtained at given points of the

characteristic net. Because of the linearization of equations, if the
superposed flow changes in intensity, the values of V; and Ql at

every point change proportionately. Because of the conical property,
if the point A (fig. 9(b)) moves along OC, the flow field changes in
scale; therefore, the effect on a point E due to the superposed flow
field Aml starting at A is equal to the effect of a linearized flow
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fleld starting at A' and of intensity Aml at a corresponding
point E!' defined by

x' X' ¥
Xg - Xy - Yg

Therefore, when the flow field for the disturbance AB is determined,
the effect of any disturbance of the type of the disturbance AB in the
entire flow field can be obtained. Then any body shape can be con-
sldered as a superpogition of flow fields of the type of flow corres-
ponding to the disturbance Ap placed along the basic cone. From the
gimple calculation of the flow for the shape AB, the velocity can be
determined by means of the equation

n
V=V, + E Vi
1

where n is the number‘of the superposed flows that affect the point
congldered.

Consider, for example, figure 10. Several linearized flow dis-
turbances must be superposed on the basic conical flow field. First,
a superposed conical flow at O that can be obtained from conical-flow
calculations must be considered. At A, & superposed disturbance must

be added in order to satisfy the boundary conditions at A. If the
calculations have been performed for the disturbance at a, and

for Ap; =1, the velocity at A can be obtained from
Vp = (Vo)A + (1), + (Va),

where (VO)A is the velocity of the basic flow at A, (Vle is the

velocity disturbance at A due to the conical flow superposed at O,
and (VQ)A ig proportional to

P2 = %" E%)A * (CPI);I
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and can be obtained from

(®2), _

(20%)q,

(Vo) =

where b 1is determined by

In a similar way V, 18 determined at the points B, C, and so forth.
At B another linearized flow field having velocity components V3
and ¢3 must be considered where

(95)5 = %~ [(%a); * (00), * (%)

(%)
(795 = ), ()

a

where b 1is defined by

Because of the rapidity of calculation, the variation of any geometrical
parameter can be investigated in practical spplications without the
necessity of a large amount of numerical work.
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Conical Flow Field without Axial Symmetry

The calculation of slender bodies without axial symmetry requires
the determination of conical flow without axial symmetry, which can be
done by means of the linearized characteristic method. The basic prob-
lem of the determination of conical flow consists in determining the
shape of the conical shock wave produced by the body. When the shape
of the shock is determined, the flow field around the body can be
obtained by means of numerical calculations (see, for example, refer-
ence 4). Because the relation between the shape of the body and the
shape of the shock wave 1s not known a priori, the method of linearized
characteristics can be particularly useful for flow determination of
this kind. An approximate shape of the shock wave is assumed as the
basic solution and the flow field inside the shock is determined; then
a linearized flow field is superposed in order to satisfy the boundary
conditions at the body. The calculations are simple i1f the basic flow
can be determined analytically or numerically without a large amount of
calculation. For example, for slender bodies the basic flow can be the
axially symmetric flow for which values are avallable in tabulated form.
Consider a conical shock wave which can be defined in polar coordinates
as

o]

¥y = (¥o)_ + ; (¥)_ cos 16 + g (¥y), sin w0 (60)

where all the values of wn and wm are small so that terms of the

order of an can be neglected. Such a shock wave is approximately of

circular cross section, as is found for slender conical bodies. If the
flow is assumed to have a symmetry plane, the second summation of equa-
tion (60) is equal to zero.

The velocity components in the radial direction (vr)l, in the
tangential direction (mr)l, and in the direction normal to the
shock (VN)l in front of the shock wave are (see fig. 11):

-
(vr)l = Vl cos V¥

(Wy=Vistvcoma o (61)
(VT)l =V, sin ¥ sin a 5
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where all the velocity components are referred to the limiting velocity
and o 1is the angle of the dihedral between the plane normal to the
shock wave and the plane containing the reference axis., Across the
shock wave the following relations are valid:

(), (%), = 5t - (), % - (), ®)

=7-1(_ 2 _y 2 )
7+ll Vl cosz\J,r Vl sinalf sin%y

. (62)
y -1 (l - Vlecoseﬂf - Vl2si.n%lf sin2c.) ?

(vn)2 Ty +1 V, 8in ¥ cos a

(VT)l - (VT)Z

(r)y = (x)y -

If the velocity components v,., V.

T n» 8nd w of the flow field in polar

coordinates are considered at each point ¥ = ﬂro + E n\[rn cos nb
(fig. 1),

(vrl)*dr = v, =V cos ¥ (63a)

y -1 (l - Vlacosallf - Vlasinzllf Sin2d.)
V. = -
(m)y =- 751 Vv, sin ¥

« V; sin ¥ sina  (63b)

-
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(w)ﬂ,:-Vl gin ¥ sin a cos a +

7 - 1(1 - Vlecos%lf - Vl2sin2\lf sin2a,) sin o

7y +1 Vy 8in ¥ cos a
but ’ .
ay Z n¥, sin né
U = ———— = - ———
sin ¥ a6 sin ¥

35

(63c)

Therefore, the veloclty components behind the conical shock wave of

equation (60), if terms of the order of ¥,2 are neglected, are

(), = V1 <0s(¥), = Va sin(vo), Y (%), cos n8

2. 2
(o) =_7_ll-Vlcos(1]Io)s
o)y y+1 W, sin(\],ro)s

2
1l - Vq%cos
7 -1 *
+1

cos (ﬂro)s a; -

%(%)
8 Z (‘4{,1)8 cos nf
7 )E

Vl sine( o

2 2

_ l/l - V;“cos ‘?os

(w)y = |Vq - 7 Z n(V. sin né
‘yB 1 7 + l\ Vl SjDQ‘yOS ( n)B

P (6k)
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Then, the velocity components behind the shock defined by equation (60)
can be expreased as:

(7).

(vro)\l, * Z (‘I’n)s(vr)n cos nb

NGNS W CONC R S

Yo

(w)

¥, Z (\lfn)swhn sin né

and w, are independent of @

where vro, vno, (vr)n, (vn)n, n e epe 3

Vro and Vn, correspond to the flow field for circular conical

shock ¥ , and (vyp) , (vg) , snd (w), et the circular come V¥ =¥,
n n

are independent of n and are defined by

lzvr)l;lﬂfos -Vq sin \#OB - (vno)llr

Og

1 - VlECOSZ‘«Ifos _ (avno)
Yog

7-1 cos ¥ N, -

(Cady, == 75T eontia, [ - — P, ) e, (60
n
Ew);lw =Vi+ (sin 1(; )
Og o o,
and
< 8vno) Vr, * Vo cot ¥,
oV qfos N To N vno2
- =3
o Yo
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It can be shown that the flow field defined as in equation (65) satis-
fies the boundary at a surface of a conical body defined by

Vo = qroc + Z 1lfnc cos nb | (67)

if the terms VY, eve small and quantities of the order of *ncg or

higher are negligible with respect to terms of the order of \lfn. A%

the surface of the body the velocity must be tangent to the surface of
the body; therefore, at each point A of the body

(X&) ) d#b ] j{: ¥y, sin ng
A

v sin ¥, a0 sin Vg

and, therefore, the boundary conditions can he expressed in the approxi-
ma.tion congidered as

OVn,
(vn)w A= (vn0>1y + (—BT—)q; Z (‘l/’n)c cos né +
Z [(vn)rzlwoc(wnjs cos né

D (g (va), (h) Potetas

sin ILfC

where the subscript ¥ indicates quantities at the surface of the
Sc

basgic circular body and IIFC indicates quantities at the surface of the
conical bod.y considered where the para.meters (Ilf ) are given by equa~
tion (60) and define the shape of the shock. Because each term of the
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right-side summation is of the order of (Wh)e, the boundary conditions
are

v =0
(b,

’ (68)
avn

(), el - ( ac;)%(*n)c

J

Equations (68) show that the basic flow defined by the components Vr,

and Vng is the flow corresponding to a circular cone of angle V.

and permits relation of the equation of the conical shock to the equa-
tion of the conical body. The coefficients (vy) , (vn)n, and (w)y

for different values of n_ can be determined for a given free-stream
Mach number and value of (Wb)c or (WO)B; therefore, from equa-

tions (60), (65), (6T), and (68), the flow fileld around any conical body
of the type given by equation (67) can be obtained when the terms (wh)c

are small,

The determination of the quantities (Vi) s (vn) , and (w)n as
n n

functions of V¥ can be obtained from the following equation (see refer-
ence 3):

2, 42 v 2
V: + v, o
vr<2 - —n'ag—> + vn cot \y + -a—'\{rn-(l - ag ) + oin :; 36 (l - :——-2) -

ﬂ(aw 3y ) o

SV ¥ 5in V o8 (69)
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Equation (69), because of expressions (65), gives

39

n -1 Vy + Vp cot ¥
~(vn), |cot ¥ + 52 + z v 3 -
R
8o
(Vr) l+7—lvn°+vn cot\b’v v, 2 _n?vn (70)
n o b - To 8o gin ¥
o 1 n,
- =5
o

Becauge of the approximation considered, the entropy remains constant
in each meridian plane outside of a vorticose layér of infinitesimal

thickness around the body (see reference 3). Indeed,
%g—g’:vnsmﬂf%—vr%-vng%+vrwsinv+vnwcos‘lf (71)
and
vy sin y B o - 8 (72)

oV 00

of the order of (\lfn) ; there-
8

(73)

From equation (T1) there results g—g-
fore, where v, # 0, %1? 1s of the order of V¥,2 and can be neglected.
Then
823 _
7R oV
= oV —L g OW =2+ v.v, - wlcot ¥
Y >V T

sin ¥ 06
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or, in the approximation considered,

vy = o (74)

ov.
Then v, + -aTn is the radius of the hodograph diagram in the plane

6 = Constant (see reference 4) and (vn)n and (vr)n can be obtained
from a step-by-step calculation from V¥ = \lfos to Yo = ‘\lfoc by meansg
of the equations ‘

:(vn)n] . = Kvn)n:w cos(-AY) + _Rn - (vr)an sin(r-my)
~ - (75)
_(vr)n— . = L(vn)r_l_\{r sin(-AY¥) - —Rn - (vr)ﬂw cos(-AY) + (Rn)\lf
vhere R, at station V¥ is obtained from equatiqn' (70) and
B(VH)
- | BR)ﬂvf .Evr)n M- . (76)

can be calculated from the values of (vr)n, (vn)n, end (w), at V.

The value of IKW)I;L}r AV can be obtained from

e o
[, = [y - (5‘7>w o (-

owy,
and —BT can be obtained from equation (71) where
v
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s=so+SlZ\¥n cos ng (78)

and 8; is independent of V¥ and can be determined from the equations
of the shock from the expression

= (45
Sl - (dllrs)v

where "st is the inclination of the shock. Then

°g

2
- ;’—;— 8] =V, sin ¥ =+ vro(vr)n + vno(vn)n +

¥

. Vr ¥n sin ¥ + Vo ¥n cO8 ¥ (79)

while, if the quantity Sy 1s neglected and the flow is considered
potential flow,

(80)

The method presented has been applied to the determination, for the con-
dition of zero angle of attack, of the flow field around a cone having
an elliptical cross section with axes in the ratio of about 1 to 3, for
which experimental data were available at M = 1.8, and for a cone of
elliptical cross section of ratio 1 to 1.88. The calculations have
been performed In the followlng way: The bodles are shown in fig-

ures 12(a) and 12(b). The value of ¥ at 6 = 0° is equal to 6.3°,
while the value of ¥ at 6 = 90° is equal to 18.4°.

The angle YV can be expressed as

\,lb=¢oc+'¢flc cos 26+\b'2c cosll-9+‘lf3c cos 66 +

\th cos 86 + WSC cos 106 (81)
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but

therefore, by determining the value of ¥ at six points, the following
values have been obtained: If WOC = 109,

¥y, = ~5.07°
Voo = 1.94°
w3c = -0.84°
%c = 0.43°
'W5c = -0.16°

Therefore, & 10° cone at zero angle of attack is assumed as the. basic
body. Reference 5 gives tabulated values for a 10° cane at M; = 1.816

and. the calculations have been performed at this Mach number. The
table glves

¥ = 34,145°
s

The entropy variations S; are small and are neglected. Then,

= -0.01k
(vr)ns >

(w)nS 0.0255

. ()q

1.285

S
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The values of (vr)p, (vn)n, and (w)n between WOS and wOC have
been determined by means of equations (70), (75), and (80). Then Wls,
Wes, and W5B have been determined from equations (68) where

v
< a$°> = -2(vp) =2 X 0. 6000
P °/o

The values of Ws obtained are:

¥, = -0.24°
1g

wés = 5,19 x 10~3

wés = -1.7° % 10~}
v = T7.4° x 1076
by

, Vs = -39 x 10”7

As is shown from the analysis of the values of Wé and Wb, the shock

is very close to a circular shock wave even for large departure of the
body from the circular cross section, and the effect of the terms corre-
sponding to n = 6, 8, and 10 is very small. The velocity components
at the surface of the body are obtained from equation (65) at ¥ = ¥,

and the pressure distribution presented in figure 13 is obtained. In
the same figure, the pressure distributions obtained by using the same

calculated values of (Vf) > (vn) , and (w), for M =1.81 around
- n n

an elliptical cone with a cross section having axes in the ratio of 1
to 1.88 are also shown. The conical body having an ellipse of axis
ratio 1 to 3 hasg the same cross-sectional area as a clrcular cone

of ‘WO = 119, Its pressure drag obtained from this calculation

is Cp = 0.099, in comparison with 0.12 for the circular cone. The

conlcal body having as cross section an éllipse with ‘axes in the ratio
of 1 to 1.88 has a drag coefficient of 0.103, while the equivalent
circular cone of V¥, = 10° 30t has Cp = 0.115. Therefore, those




Lk NACA TN 2515

calculations indicate that conical bodies of circular cross sectlion
have larger drag than cones of elliptical cross section.

The results obtained agree well with the experimental results,
also, if the body shape chosen requires large vdlues for the
angle (Wn)c. With the same flow fields (vr)n, (vn)n, and (w),, any

other conical shape having two planes of symmetry represented by an
equation (81) when ¥, is 10° can be obtained at M = 1.816. If the

flow has only one plane of symmetry, only the terms in cos 6, cos 36,
and so forth, must be considered; while, if no symmetry exlsts, terms
in sin né and cos n6 msgt be considered.

The flow fields defined by (vr)n, (vn)n, and (w), can be

obtained and given in tabulated form without a large amount of numerical
work as for circular cones, and, therefore, the determination of conical
bodies can be performed without difficulty in a very short time.

When the shock shape is somewhat different from a cone having
circular cross section, the basic flow field must be different from the
axially gymmetric., However, if the basic conical-flow components are
expressed in the form .

Vp=Vn + vrbf(e)
. “a
v, = vha + vhbf(e)
W= wa*(e)

the basic flow can still be obtalned by solving numericelly the equa-~
tions of motion in two meridian planes, and, therefore, the basic flow
can be determined exactly. For conlical flow the linearized method can,
then, have wide application to any form of boundery conditions.

Flow Fields Around Slender Bodies without Symmetry

When the conlcal flow is determined, the method of characteristics
can be applied to the determination of slender bodies. The equations
used are similar to the equations for circular bodies at angles of
attack, and can be directly derived from those equations (reference 2).

Few values of n are required for the determination of the flow
field, and one set of calculations can be used for several bodies having
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the same basic body; therefore, the method can be of interest for prac-
tical applications.

Quasi-Two-Dimensional Flow Flelds

In many general three-dimensional flow fields of practical interest
the flow 1s not too different from a two-dimensional flow, and, there-

. fore, the velocity field and entropy field can be expressed as in equs-
tions (1) and (2) with good practical approximation. Flow fields of
this kind are found, for example, in wings having plan forms which can

be considered close to the two-dimensionel type with some twist or a
variation of thickness distribution along the span. Flow fields of
this kind can be considered also in some problems in which interference
between a wirng and a two-dimensional tall (downwash effects) or between
a two-dimensional wing and a body is considered. In all these problems
of practical interest for the alrplane design, the component w 1in the
direction of the span of the wing can be considered small; therefore,
equation (1) can be used and the components Uy and vy depending on

the three-dimensional effect can also be considered small. '

Equation (17) expressed along the characteristic line of the first
family X = tan (BO + ¢0) in the plane 2z = Constant is:

\ a tan in
—1 + l+C(3131+—1C1=W1-1_ Bo 810 By
Vo dx dx 7R .dx 1 Vo dz Vg, cos (@, + B_)

(82)

while along the second characteristic line Ao = tan(@o - Bo) the
following equation is valid:

dxpl_'_sinaﬁod.sl_cple_l_zl_Ce:dwl_l_tanBo sin B,
ax 7R ax Vs a4z Vo cos(, - By)

(83)

+ tan Bo

N
k|5

L
Yo

vhere By, By, C;, and C, are defined by equations (20). Along each

gstreamline s,
2

= + (84)
ds, Oz oz 7RV,
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Equations (82), (83), and (84) permit the determination of the flow
field by relatively simple procedures.

Consider, for example, & wing having twist, variable profile dis-
tribution, and variable chord, as shown in figure 14. The wing can be
analyzed by means of the linearized characteristics method in the fol~
lowing way: First, the root and tip profiles are considered. BSection
and section b have different relative thicknesses and chords.

If the variation from & to b is linear, the properties of a
two-dimengional cross section at any station ¢ can be obtained by
meang of linear interpolation between the corresponding values at a
and D.

The profiles a and b are analyzed by means of two-dimensional-
flow theory and the characteristic net, and the values of the coef-
ficients By, By, Cp, and C, are determined from two-dlmensional

considerations. If entropy effects are neglected or incorporated in
the linearized flow, the coefficients B,, By, C,, &nd C, can be

determined as for the case of two-dimensionel potential flow at each
point of the axis (equations (29), (30), and (34)) and are constant
along characteristic lines of the first family. Then the linearized
flow is defined as the flow that considers the three-dimensional effects
and the entropy distribution. Therefore,

~
u = uy(x,y,z) + au;(x,y,2)
v = VO(X)Y;Z) + av]_(x:}’:z) - (85)
W= awl(x)y:z)

v,

where u, and v, are the potential-flow solutions in the plane

z = Constant and satisfy the boundery conditions in the plane
z = Constant, u; and v, are the components due to the presence

of w; (and of the variation of entropy), and & can be a coefficient,

for example, proportional to the twist distribution or to the thickness
variation. Because u, and v, are functlons of x, Y, and 2z, while

for the basic flow they have been determined from two-dimensional con-

siderations, gEQ and gzg are not zero; therefore, equation (22)
Z z
becones
W _wu, Wy __u,, vy, ¥
0s, OxV oyV ¥ v oz




NACA TN 2515 L7

" or

owy _ IV, . oV . 39S g2 (86)
d8g OZ dz oz 7RV,
oV, .
where S5 is the varistion of the velocity component for the basic
Z

flow.

When w; 1is considered small, in all the flow field the terms

2uw du gpg 2W OV cap gtill be neglected in the differential equa-
a® dz a? dz .

tions along the characteristic lines, and, therefore, equations (82)
and (83) are still valid.

At each plane 2z = Constant, the characteristic net is known;
therefore, the intersections of the shock wave for the total flow with
a plane ¥y = Constant can he determined from characteristic calcu-
lations. If O is a point at the leading edge of the wing (fig. 1k(Db)),
the shock wave at O can be obtalned from shock-wave considerations and
from the boundary conditions because & at O is known, and at O the
shock is two-dimensional. Therefore, the velocity components uj

and vy &t O are zero, while %E— is given by equation (86). If the
8o
plane x = x, 1is assumed to be close to the plane x = x,, the charac-

teristic lines BA and CA can be drawn in any meridian plane considered
for the baslic flow.

At the point O, V; 1is zero and, in the nelghborhood of O along
the shock L the velocity can be expressed as

av
(V1) = SEL'AL (87)

Now, along the shock wave the direction of the velocity behind the shock
is related to the intensity from the equations of the shock wave; there-

)
fore, the direction Ql = 5%1 along the shock and the shape of the
1 ovy
—= are determined when -—= along the shock

shock as a function of S

is known.
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If the velocity V; at a point A of the body is

(V2), = 5= 4 (88)

then the velocity at C and B can be determined as a function

of ST from equations (82) and (83), because the value of w, at A
8

is given from equation (86) and is known, and the value of gﬁ can be
z

obtained from the value of w; at A 1in several planes 2z = Constant.

If in equations (82) and (83) the values of Vy, S;, and 9, at

B and C are expressed by means of equation (87) and of the equations
of the shock waves which give the coefficients of the expressions

M _ M a
ox oL dx
opp _ 99y OVy
dx oV, ox

09S; 9Sy oVy
3 vy dx

oV,
then equations (82) and (83) give two relations between —= and —=
8

ov
and, therefore, g;l and g%l

can be determined.

The equation of the shock wave can relate u as a function of v,
or Vl as a function of P without the necessity of the component w,

because the component w 1s proportiocnal to the inclination 1 of the

tangent to the shock with the plene x = Constant, and V; and ¢, are
2

functions of M, cos 7, but M; cos 1 = M{l - %r) =M, 1in the approxi-

mation considered here (fig. 14(c)). The components u and v at B
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and the position of B having been determined, in each meridian plane

z = Constant, the intersection of the shock in the plane y = Constant
is obtained and w at B determined. Then a point D is interpolated
in each meridian plane and the point E is obtained. Then point F is
determined. In order to obtained (w)y, the streamline DF' for the

bagic flow must be drawn and <§z9) interpolated between F! and E.
zZ /o
In a similar way, all the flow field can be obtained. The line TT'
defining the plan form in figure 14(a) must be ocutside of the Mach
conoid from T, Becsuse few points along each profile are required, the
largest amount of work for such a calculation is represented by the con-
gtruction of a basic characteristic net which permits obtaining points
which simplify the determination of w. By changing the value of the
coefficient a, different thickmess distributions or different twists
can be considered. The new distributions must be obtained by changing
proportionately the variation of thickness or twist with respect to the
basic wing and by varying in proportion the value of a.

CONCLUDING REMARKS

The method of characteristics for supersonic flow has been simpli-
fled by assuming that one of the velocity components or the effect on
the velocity components due to variation of one physical parameter is
small, so that the square of the velocity components considered small
can be neglected. By means of this simplification, the flow field can
be represented as the superposition on a basic flow field (which is not
linear and must be determined by the method of characteristics) of
linearized flow fields which are defined by a differential equation
with variable, but known, coefficients.

The calculations of these linearized flow fields can be performed
along the characteristlic net of the basic flow field. The method has
been applied (a) to the two-dimensional flow with entropy gradient,
which has been transformed to a basic potential flow on which a line-
earized flow due to the entropy gradient is superposed, (b) to axially
symmetric problems where conical or cylindrical flows are considered
as the basic flow, (c) to the determination of the flow field around
cones or slender bodies without axial symmetry, end (d) to particular
three~dimensional flows which can be simulated as a basic two-
dimengional flow on which three-dimengional linearized flows are super-
posed. Application (b) permits obtaining in a simple way the flow
field around bodies of revolution without using linearized theory, and
indicates the possibility of using tabulated values for such determi-
nation. Application (c) permits the determination of flow fields not
yet determined by the method of characteristics. Any such conical
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flows can be determined by using tabulated values that can be obtained
as for cones of circular cross section at small angles of attack. The
application in (d) can be of interest for wings of approximately two-
dimensional form having twist or thickness varilation along the gpan and

to interference problems.

Langley Aercnautical Laboratory
National Advisory Committee for Aeronasutics

Langley Field, Va., July 24, 1951
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Figure 1.- Application of the linearized characteristic system to two-
dimensionsal rotationel flow.
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Figure 2.- The basic characteristic net for axially symmetric flow.
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Figure 3.- Practical application of the linearized characteristics system
to axdally gymmetric flows.
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Figure 4.~ The basic net when conical flow is essumed as the basic Flow
for the linearized characteristics method.
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Figure 5.- The shape of the body analyzed and the net used for the
characteristics method for M; = 3.016.

GTGe ML VOV



¢TSS NL VOVN

.

Figure 6.- The characteristic net for linearized characteristic calculatione.
First basic body, 12.5° cone at M = 3.016; second basic body, 5° cone
at M= 3,077.
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Figure T.- Comparison between results of the calculation by the character—
istics method and by the linearized characteristics method obtained

at M = 3.016.
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Figure 9.- Determination of linearized flow of constant intensity superposed

on conical flow.
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Figure 10.- Application of the linearized characteristics method having
constant disturbance superposed on a conical basic flow.
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Axis

Vi

Figure 11.- Conical coordinate system.
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Figure 12,- The elliptical cones sanalyzed.
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Figure 13.- Pressure distribution around the conical bodies at M = 1.81.
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(b) Wing cross section at a plane

z = Constant.
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(c) Shock-wave calculation at the leading edge.

Figure 14,- Determination of the flow around a three-dimensional supersonic

wing,
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